An abelian group G is almost A-solvable if the natural map ÂG: Hom(A; G) E(A) A → G is a quasi-isomorphism. Two strongly indecomposable torsion-free abelian groups A and B of ÿnite rank are quasi-isomorphic if and only if the classes of almost A-solvable and almost B-solvable groups coincide. Homological properties of almost A-solvable groups are described, and several examples are given. In particular, there exists a torsion-free almost A-solvable group which is not quasi-isomorphic to an A-solvable group.
Introduction
There are only few classes of torsion-free abelian groups whose elements are determined up to quasi-isomorphism by meaningful numerical invariants. Furthermore, any attempt to obtain a satisfactory structure theory for large classes of torsion-free groups is hindered by the existence of pathological direct sum decompositions, examples of which can be found in [8, Chapters 90 and 91] . Some of these di culties may be overcome by utilizing tools from outside abelian group theory. For instance, many homological properties of an abelian group A can be described in terms of its endomorphism ring E = E A . This description frequently involves the functors H A = Hom(A; −) and T A = − E A between the category Ab of abelian groups and the category M E of right E-modules. These functors form an adjoint pair, and can be used most e ectively when considering full subcategories of the category of abelian groups on which they induce a category equivalence with a suitable subcategory of M E . The largest full subcategory of Ab with this property is C A , the category of A-solvable abelian groups.
Unfortunately, the class of torsion-free A-solvable groups need not be closed with respect to quasi-isomorphism (see [4] and Proposition 3.4) . This is somewhat inconvenient in view of the importance that the notion of quasi-isomorphism has in the theory of torsion-free abelian groups of ÿnite rank. Since the A-solvable groups are precisely those groups for which the evaluation map Â G : Hom(A; G) E A → G is an isomorphism, the perhaps most natural way to extend the concept of A-solvability to the quasi-category of torsion-free groups is to consider the class AC A of almost A-solvable groups, whose elements are the groups G for which the natural map Â G : T A H A (G) → G is a quasi-isomorphism. Clearly, AC A contains all torsion-free groups which are quasi-isomorphic to an A-solvable group, and the converse holds if A is at as an E-module (Proposition 3.1). However, this converse may fail if A is not at (Theorem 3:2).
Homological properties of the class of almost A-solvable groups are investigated in Section 2. In particular, H A and T A restrict to functors between AC A and the full subcategory AM A of M E whose elements are the right E-modules M such that the natural map M : M → H A T A (M ) is a quasi-isomorphism. The class AM A is closed with respect to submodules if and only if A is almost at and has the quasi-Baer-splitting property. Here, A is almost at if there is a non-zero integer m such that mTor E 1 (−; A) = 0 [3] , while A has the quasi-Baer-splitting property if, for all right E-modules M , the group M E A is bounded if and only if M + is bounded [1] . Section 4 addresses the question if it is possible to determine the structure of A from AC A . In [5, 9] , R-modules A and B were called similar if there are m; n ¡ ! such that A is isomorphic to a direct summand of B n and B is isomorphic to a direct summand of A m . This notion is extended to the quasi-category of torsion-free abelian groups by saying that abelian groups A and B are almost similar if A is isomorphic to a quasi-summand of B n and B is isomorphic to a quasi-summand of A m for some m; n ¡ !. Theorem 4.1 shows that self-small torsion-free groups A and B are almost similar if and only if (i) Every almost A-balanced sequence is almost B-balanced and vice versa, and
Here, an exact sequence 0
is torsion as an abelian group. It is A-balanced if H A (ÿ) is onto. The last result can be strengthened in the case that A and B are strongly indecomposable: Two strongly indecomposable groups A and B of ÿnite rank are quasi-isomorphic if and only if AC A = AC B (Corollary 4.3).
Homological properties
The adjointness of H A and T A induces natural maps
](a) = x⊗a for all a ∈ A; x ∈ M , and ∈ H A (G). Usually, the superscripts referring to A are omitted. A group is (ÿnitely) A-generated if it is an epimorphic image of I A for some ( ÿnite) index-set I . The group G is A-generated if and only if G = S A (G) where S A (G) = im Â G is the A-socle of G. Similarly, G is almost A-generated if G : = S A (G). Observe that a group G is almost A-solvable if and only if ker Â G and G=S A (G) are bounded. Moreover, the class of almost A-solvable groups is closed with respect to quasi-isomorphism. To see this, consider a quasi-isomorphism :
quasi-isomorphisms, then three of the four maps in the commutative square induced by the naturality of Â are quasi-isomorphisms, and the same has to hold for the remaining one. The next result describes some of the closure properties of AC A if A is almost at.
Lemma 2.2. Let A be an almost at abelian group: (a) Almost A-generated subgroups of almost A-solvable groups are almost A-solvable.
(b) If 0 → B → C → G is an exact sequence in which C is almost A-generated and G is almost A-solvable; then B is almost A-generated. (c) If A has the quasi-Baer-splitting property; then every exact sequence 0 → B → C → G → 0 such that G is almost A-solvable and C : = S A (C) has the property that coker H A ( ) is bounded.
Proof. Let m be a non-zero integer such that mTor E 1 (−; A) = 0. To show (a), observe that the inclusion U ⊆ G induces the rows of the commutative diagram
in which both, ker Â G and Tor
, are bounded abelian groups. A simple diagram chase shows that Â U has a bounded kernel.
It remains to show (b) and (c). Observe that no generality is lost if one assumes in (b) that is onto because of (a). Let M = im H A ( ) ⊆ H A (G), and consider the map Â: T A (M ) → G which is deÿned by Â( ⊗a) = (a) which ÿts into the commutative diagram
Since C is almost A-generated, coker Â is bounded. Moreover, Â = Â G T A (Ã) where
To see (b), it su ces to show that ker Â is bounded as an abelian group since an application of the Snake-Lemma to the last diagram yields the exact sequence ker Â → B=S A (B) → C=S A (C) in which the ÿrst and the last term are bounded. Let ' be a non-zero integer such that ' ker
, we have m'x = 0, and ker Â is bounded. For (c), consider y ∈ T A H A (G). Select a non-zero integer k such that kC ⊆ S A (C), and obtain kG ⊆ im Â by the Snake-Lemma. One can ÿnd z ∈ T A (M ) such that kÂ G (y)= Â(z)=Â G T A (Ã)(z). If ker Â G is bounded by the non-zero integer ', then k'y =T A (Ã)('z), and so T A (H A (G)=M ) is bounded by k'. Since A has the quasi-Baer-splitting property, H A (G)=M is bounded as an abelian group.
A group is A-projective if it is isomorphic to a direct summand of I A for some index-set I . Every A-projective group is A-solvable if A is self-small, i.e. for every map ∈ Hom(A; ! A), there is m ¡ ! with (A) ⊆ m A. 
It remains to show that U has a bounded cokernel. For this, one needs the fact that M=U has a bounded kernel: Consider an exact sequence 0 → W → F → M=U → 0 of right E-modules in which F is free. It induces the exact sequence
If one sets K = im T A ( ) and denotes the inclusion K ⊆ T A (F) by Ã, then the previous sequence induces the exact sequences 0 → Tor
is bounded, and K is torsion-free as a subgroup of the A-projective group T A (F), the ÿrst of these sequences splits. Consequently, H A (T A ( )) is onto, and T A (W ) ∼ = K⊕T for some bounded group T . The second sequence induces the top-row of the commutative diagram
in which is the map induced by F and M=U . By the Snake-Lemma, ker M=U ∼ = coker , and it su ces to show that the latter is bounded.
To see this, observe that
is onto, has a bounded cokernel once it has been established that coker W is bounded as an abelian group:
Consider an exact sequence P → W → 0 of right E-modules with P projective.
It induces an epimorphism T A (P)
Since T is bounded, the same holds for T A H A (T ), and Â T has a bounded kernel. Moreover, the commutative diagram
Applying part (c) of Lemma 2.2 to the sequence
Hence, there is a right E-module T 1 , which is bounded as an abelian group, and makes the top-row of the commutative diagram
and W has a bounded cokernel. This concludes the proof of the fact that M=U has a bounded kernel. To ÿnish the proof that U has a bounded cokernel, select a non-zero integer ' with ' ker M=U (M; A) ) has order p 1 : : : p n , and H A (Tor E 1 (M; A)) is not bounded which contradicts the ÿrst paragraph. Therefore, A is almost at.
To show that A has the quasi-Baer-splitting property, assume that the right E-module M has the additional property that kT A (M ) = 0 for a non-zero integer k. The sequence
which is induced by the projective resolution of M from the ÿrst paragraph yields that T A ( ) is a quasi-isomorphism, and the same holds for H A T A ( ) in the commutative diagram
Since the map U is a quasi-isomorphism by (b), is a quasi-isomorphism as the composition of the quasi-isomorphisms H A T A ( );
F and U . In particular, M ∼ = F= (U ) is bounded as an abelian group.
Almost A-solvable groups and atness
In [2] , an abelian group G was called QA-solvable if the induced map QÂ G :
(i) G is almost A-solvable if and only if it is quasi-isomorphic to a torsion-free A-solvable group. (ii) G is QA-solvable if and only if S A (G) is A-solvable and G=S A (G) is torsion. (b) Let QE be a division algebra of ÿnite Q-dimension. Every ÿnitely A-generated torsion-free group G is quasi-isomorphic to an A-solvable group.
Proof. (a) Since A is at, the group T A H A (G) is torsion-free. Therefore, the quasiisomorphism Â G is a monomorphism, and Â SA(G) is an isomorphism proving (i). Part (ii) is shown similarly. (b) Observe that a right E-module M is singular if and only if its additive group is torsion since QE is a division algebra of ÿnite Q-dimension. Consider a ÿnitely A-generated group G, and choose a sequence 0 → U → A n ÿ → G → 0 for some n ¡ !. The E-module M is non-singular and contains a ÿnitely generated free submodule F such that M=F is torsion. Since M is ÿnitely generated, (M=F) + is a bounded group. The inclusion Ã : F → M induces an exact sequence Tor
It induces the commutative diagram
in which the ÿrst and last term are bounded since M=F has a bounded additive group. But T A (F) is torsion-free as an A-projective group, and hence T A (Ã) is a monomorphism. Consequently, G ∼ = T A (M )=tT A (M ) is quasi-isomorphic to the A-solvable group T A (F).
Part (a) of the last result may fail if A is not at as an E-module:
Theorem 3.2. There exists an almost at torsion-free group A which admits a torsionfree almost A-solvable group G which is ÿnitely A-generated but does not contain a non-zero A-solvable group.
Proof. Let R = {(a + 2b; a + 2c) | a; b; c ∈ Z 2 }, a subring of Z 2 × Z 2 , where Z 2 denotes the localization of the integers at the prime 2. Then, R is a commutative local ring with maximal ideal J (R) = I ⊕ J where I = (2; 0)R and J = (0; 2)R. Furthermore, R is not hereditary. To verify that R has these properties, let x ∈ R \ (I ⊕ J ), and write x = (a + 2b; a + 2c) for some a; b; c ∈ Z 2 . If a = 2a for some a ∈ Z 2 , then 
where '=(su+2nt)(su+2mt). Since s and u are odd, x −1 is an element of R. Therefore, every element of R\(I ⊕ J ) is a unit of R, i.e. R is a local ring with J (R)=I ⊕ J . To see that R is not hereditary, observe that I = ann J = ann (0; 2) and J = ann I = ann (2; 0). Since R has no non-trivial idempotents, neither I nor J can be projective.
Furthermore, if K is a non-zero ideal of R, then either K ∼ = I , K ∼ = J , or R=K is ÿnite. To see this, ÿrst consider the case that I ∩ K = 0 and J ∩ K = 0. Then, K contains non-zero elements (2b; 0) and (0; 2c) for some non-zero b; c ∈ Z 2 . There is no generality is lost if one assumes that b and c are integers. Since (2c; 2b) ∈ R, the ideal K contains (4bc; 4bc). Therefore, R=K is bounded by 4bc as an abelian group, and hence ÿnite since R has ÿnite rank.
On the other hand, if J ∩ K = 0, then JK ⊆ J ∩ K = 0, and K ⊆ I . Then, K is a Z 2 -submodule of the cyclic Z 2 -module I , and there is a non-zero a ∈ Z 2 with K = (2a ; 0)Z 2 . Hence, K = (2a ; 0)R, and ((2; 0)r) = (2a ; 0)r for r ∈ R deÿnes an isomorphism I → K. In the same way, I ∩ K = 0 yields K ∼ = J .
Since R is not hereditary, there exists a torsion-free group A of ÿnite rank with endomorphism ring R which is not at as an R-module by [7, Corollary 3:11] . Suppose that T A (J (R)) ∼ = T A (I )⊕T A (J ) is a torsion-free abelian group, and consider the exact sequence 0 → Tor Since A is not at as an E-module, there is an ideal K of R such that Tor R 1 (R=K; A) = 0. By the last paragraph, R=K cannot be ÿnite, and therefore K ∼ = I or K ∼ = J . In either case, T A (K) is torsion-free as a direct summand of the torsion-free group T A (J (R)), from which one obtains that Tor Without loss of generality, assume that T A (I ) is not torsion-free. Since I is a ÿnitely generated ideal of R, the group IA is ÿnitely A-generated. If IA contains a non-zero A-solvable subgroup U , then H A (U ) is a non-zero ideal of R contained in H A (IA). Suppose that ∈ H A (IA). For every a ∈ A, there are r 1 ; : : : ; r k ∈ I and a 1 ; : : : ; a k ∈ A with (a) = k j=1 r j (a j ). Then, J (a) ⊆ k j=1 Jr j (a j ) = 0 since I = ann J . Consequently, J = 0 and ∈ ann J = I . Therefore, H A (IA) = I . In particular, H A (U ) is isomorphic to a non-zero submodule of I , and hence itself isomorphic to I by what has been shown since R=H A (U ) is inÿnite and H A (U )(2; 0) = 0 yields H A (U ) ∼ = J . Therefore, T A H A (U ) ∼ = T A (I ) is not torsion-free which contradicts the fact that T A H A (U ) ∼ = U is torsion-free. Consequently, IA does not contain any non-zero A-solvable subgroups. On the other hand, because IA is A-generated, it is almost A-solvable by Lemma 2.2 since A is almost at.
While every almost A-solvable group is QA-solvable, the converse may fail in general: Theorem 3.3. There exists a torsion-free generalized rank 1 group A which admits a family {G n | n ¡ !} of almost A-solvable groups such that G = n¡! G n is QA-solvable; but not almost A-solvable.
Proof. Write the set of primes as the disjoint union of two inÿnite subsets 1 and 2 , and enumerate the elements of 1 as 1 = {p n | n ¡ !}. Choose subgroups A 1 and A 2 of Q such that A 1 and A 2 have incomparable idempotent type, and h Ai pn (1) = 0 for all n ¡ ! and i = 1; 2, and let A = A 1 ⊕A 2 whose endomorphism ring E = E A1 × E A2 is hereditary.
For every n ¡ !, there exists an indecomposable group G n containing A such that |G n =A| = p n as in [6, Section 2] . If G n were A-generated, then it would be isomorphic to an A-projective subgroup of A of ÿnite index since A is at as an E-module and E is hereditary. However, every non-zero ideal of E which has ÿnite index in E is isomorphic to E. Hence, G n ∼ = A which is not possible since G n is indecomposable. Therefore, S A (G n ) is a proper subgroup of G n containing A. But, |G n =A| = p n yields S A (G n ) = A. In particular, G n is almost A-solvable. Moreover, the group G = n¡! G n satisÿes S A (G) = n¡! S A (G n ) = ! A. Therefore, H A (G) = H A ( ! A), and there is a commutative diagram
in which the map : ! A → G is induced coordinatewise by the inclusions A ⊆ G n . Consequently, G is QA-solvable since Â G is a monomorphism, and G=S A (G) ∼ = n¡! Z=p n Z, but it cannot be almost A-solvable since G=S A (G) is not bounded.
In [4] , it was shown that a torsion-free abelian group A of ÿnite rank which is at as an E-module is a strong S-group if and only if the class of torsion-free A-generated groups is closed with respect to quasi-isomorphism. Here, A is a strong S-group if A n is a S-group for all n ¡ !, i.e. a subgroup U of ÿnite index in A n satisÿes S A (U )=U . Therefore, one obtains Proposition 3.4. Let A be a torsion-free abelian group of ÿnite rank which is at as an E-module. Every torsion-free almost A-solvable group is A-solvable if and only if A is a strong S-group.
The quasi-isomorphism problem
Abelian groups A and B are almost similar if A is isomorphic to a quasi-summand of B n for some n ¡ ! and B is isomorphic to a quasi-summand of B m for some m ¡ !. Since the quasi-category of torsion-free abelian groups of ÿnite rank is a KrullSchmidt-category, two torsion-free abelian groups A and B of ÿnite rank are almost similar if and only if there are strongly indecomposable, pairwise non-quasi-isomorphic groups A 1 ; : : : ; A n and non-zero exponents s 1 ; : : : ; s n ; t 1 ; : : : ; t n ¡ ! such that A : (ii) AC A = AC B .
Proof. (a) ⇒ (b): Suppose that A is isomorphic to a quasi-summand of B n for some n ¡ !, and consider maps : A → B n and : B n → A such that = '1 A for some non-zero integer '. Because of the symmetry of the problem, it su ces to show that almost B-balanced sequences are almost A-balanced and AC B ⊆ AC A .
Consider an almost B-balanced exact sequence C ÿ → G → 0 and a map ∈ H A (G). Since : B n → G and the given sequence is almost B-balanced, there are a non-zero integer r and a map : B n → C such that ÿ = r . Because ÿ = r' , the sequence is almost A-balanced.
Let G be an almost B-solvable group. Since G : = S B (G), one may assume that G is B-generated. There is a B-balanced exact sequence 0 → U → P ÿ → G → 0 where P= I B for some index-set I . Applying the functors H B and T B yields the commutative diagram
Because is one-to-one, U=S B (U ) ∼ = ker Â B G by the Snake-Lemma. Since Â B G is a quasi-isomorphism, U=S B (U ) bounded, say kU ⊆ S B (U ) for some non-zero integer d. But B is a quasi-summand of A m for some m ¡ !, and hence tB ⊆ S A (B) for some non-zero integer t. A straightforward computation shows dtU ⊆ S A (U ).
Applying H A to the given B-projective resolution of G induces the exact sequence
To see that H A (G)=M is bounded as an abelian group, consider ∈ H A (G). Because maps B n into G, there is a map : B n → P such that ÿ = since the B-projective resolution of G was chosen to be B-balanced. As before, one obtains ÿ = ' , and
An application of the functor T A induces the commutative diagram
in which Â is the evaluation map. Since B is a quasi-summand of A m , the group P is a quasi-summand of
. But quasi-summands of A-solvable groups are almost A-solvable, and thus the map Â A P has a bounded kernel and cokernel. The Snake-Lemma induces the exact sequences
and P=S A (P) → G=im Â → 0 in each of which the outer terms are bounded. Therefore, Â is a quasi-isomorphism ÿtting into the commutative diagram The class of torsion-free groups of ÿnite rank with the ÿnite quasi-Baer-splitting property contains those groups A whose quasi-endomorphism ring is a right Kasch ring, i.e. every proper right ideal of QE has a non-zero left annihilator. Since every strongly indecomposable group A of ÿnite rank belongs to this class, one obtains. 
